Abstract-The recent successful operation of a two-stage K,-band gyro-TWT amplifier at the Naval Research Laboratory has demonstrated its viability as a source of broadband high-power millimeter waves. However, it has been observed experimentally paper, an analytical theory is presented which describes the effect of electron beam quality on the device's instantaneous bandwidth. It is shown that these observed gain dips are due to electron phase-mixing, resulting from finite beam velocity spreads, in the frequency-dependent sever. In addition, the theory demonstrates that the velocity-spread induced dips can be shifted or reduced by adjusting the magnetic field profile, circuit length, and beam axial velocity, consistent with experimental observations. Previously, a bandwidth of more than 30% has been achieved in a single stage tapered Ka-band gyro-TWT
[4]. However, as expected for a single port reflection-type amplifier, the high gain operation of the tube was limited by multi-pass interference effects and tube operation more than 20 dB resulted in excessive gain fluctuations across the amplification band. These deficiencies are overcome with a two-stage circuit, in which the the gain per stage is reduced for enhanced stability and gain flatness. However, unexpected reductions in gain at discrete frequencies were observed for the two-stage amplifier. A schematic of this amplifier is shown in Fig. 1 . The theory presented below was developed to explain these gain dips. Schematic and spatial phase space of a MAGIC simulation for
fo) i n t e r a c t i o n i n t e r a c t i o n
The tapered waveguide and magnetic field profile of the two-stage gyro-TWT at NRL, results in broadband operation [5] . Simulations of gyro-TWT operation, using both nonlinear slow-time scale [l] , [6] and particle-in-cell (PIC) codes, indicate that stable operation with bandwidth and gain exceeding 35% and 26dB, respectively, is feasible with the current design, providing the beam axial velocity spread (Av,/w,) is less than 1%. This requirement on electron beam quality can be satisfied by the new generation of electron guns, currently under development [7J. However, substantial velocity spreads are to be expected with most existing guns and, in particular, the double-anode magnetron injection gun (MIG) employed in these experiments.
Since the sever length is frequency-dependent in the tapered gyro-TWT, it is reasonable to expect the beam velocity spread to play a critical role in determining the device's instantaneous bandwidth. That is, the combination of velocity spread and tapered geometry can cause the phase modulation impressed by the RF on the electrons in the first stage interaction to add constructively or destructively at the second stage interaction, depending on the sever length at that frequency. This is a result of the electrons with different axial velocities drifting through the frequency-dependent length of the sever and the nonuniform magnetic field. Sharp drop in gain can occur at frequencies where the electrons add up destructively in phase.
The impact of beam axial velocity spread on the instantaneous bandwidth of the two-stage tapered gyro-TWT can be 
where yo = (1 -.U;/C~)-'/~ is the initial relativistic factor of the electrons, AY, << (yo -1) is the maximum magnitude of the energy modulation, and d1 = 2 r f o t l = wotl is the instantaneous phase of the RF wave at z1 and tl.
Following the first-stage interaction region, the electron perpendicular momentum at any position in the drift (sever) region, z = z1+ Jt", U , dt', can then be written approximately as where fl(z') = eB(z')/(ymc) is the electron cyclotron frequency at z' = z(t'). The above expression can also be written in the following form:
(41 where we have employed the modulated relativistic factor, and defined 00 (z' ) = eB (z') / (yomc) as the unperturbed cyclotron frequency.
From the expression for the perpendicular momentum, we can readily calculate the fundamental component of the perturbed current for angular frequency, W O at z . This is given in terms of the beam total current, 10, as Here, f(v,) is the axial velocity distribution function, and we have performed the integral over the initial phase, 40. The argument of the first-order Bessel function, J 1 ( X ) , has been defined as the phase bunching parameter, Note that the phase bunching parameter increases as a function of z in the sever region. This is a consequence of the usual ballistic bunching in two stage gyro-TWT's. For certain parameter regimes, overbunching can occur which may result in Jl(X) "-0 at the second-stage interaction location, 24(wo). However, using the parameters employed in these experiments, simulations with grazing magnetic field profile and with no axial velocity spread, i.e.,
have indicated that uniform saturated gain across the entire frequency band is indeed feasible. Thus, by defining the fundamental component of the perturbed current in the case of no velocity spread at z2 ( W O ) as Ip0 ( W O ) , we can then write the perturbed current for beam with finite velocity spread, Avz # 0, using (5), approximately as
Here is defined as the normalized spectral amplitude due to beam axial velocity spread. It should be noted that I p is essentially the input signal which will drive the beam-wave interaction in the second stage. Obviously, it is desirable to have S(wo,Av,) = 1 across the whole bandwidth. This is readily satisfied in the case of Av, = 0 (no velocity spread), or in the case of when such as in a relatively short sever of a two-stage, uniform, gyro-TWT. In the two-stage tapered gyro-TWT, [wofl0(z)]/vzo(z) which is the pitch angle of the electron bunch at frequency W O , can vary substantially in the frequencydependent sever region. This phenomenon is illustrated in Fig.  1 , which shows the spatial phase space of the electrons from a MAGIC [8] simulation of the two-stage tapered gyro-TWT at 32 GHz with no velocity spread and grazing magnetic field profile. The total gain for both stages from this simulation is 26 dB in good agreement with the maximum gain from experiments. The transitions of the electron bunch pitch angle from positive (WO > Ro(x)) at the first-stage interaction region, to negative (wO < Ro(z)) in the sever region, and then back to stage can be clearly seen in Fig. 1 . It is this type of behavior that, when coupled with beam velocity spread, can produce sharp dips in the instantaneous bandwidth.
To quantify the impact of beam velocity spreads on the instantaneous bandwidth, we assume a simple axial velocity With this flat-top distribution function, the normalized spectral amplitude can easily be shown to be
Here, Ay is defined as the phase spread and is given by Here z = 0 is the start of the first stage and a0 is the initial velocity ratio.
In the absence of velocity spread, (10) shows that S(w0,O) = 1 for all frequencies. For finite velocity spread, Acp must be evaluated for each frequency. However, several observations can readily be made from inspection of (10).
First, velocity spread has very little impact for frequencies near the high end of the frequency band, since the sever length is relatively short. Second, for large velocity spreads, the first dip will most likely occur at frequency w1 = Rmax, where Rmax is the maximum cyclotron frequency. At this frequency, AV, is positive and is the maximum for the entire frequency band. Third, for a monotonically tapered magnetic field, there will always be a second passband without attenuation centered around frequency w2, where Acp is identically zero. This is because the interaction occurs at z1 and z2 where w2 > Ro(xl) = Ro(z2) and electrons pass through the sever where wz < Omax. Fourth, for wO < w 2 , AV will quickly turn very negative, and substantial attenuation can be expected for large velocity spread. This is simply due to the fact that, at these frequencies, electrons spend a substantial amount of time in the long sever where WO < Ro(z). Thus, the phase m;dulation impressed on the electrons in the first stage is substantially phase mixed before reaching the second stage interaction location 2 2 . Finally, larger beam velocity spreads increase the sensitivity of the instantaneous bandwidth to the magnetic field profile.
Results from the numerical integration of (lo), are shown in Figs. 2, 4 , and 5, for the present experimental parameters. It is important to emphasize that the results shown here are to illustrate and quantify the impact of beam velocity spread on the instantaneous bandwidth of the two-stage tapered gyro-TWT only. Nonlinear beam-wave interactions in the first and second stages may introduce other effects on amplifier frequency response which are beyond the scope of this paper, and will not be discussed in detail here. In these figures, the beam energy and initial velocity ratio a0 are 33 keV and 0.8, respectively. Fig. 2 shows the phase spread, AV, the normalized spectral amplitude, S, and the attenuation factor, A = 201og (S) (in dB), for the case when the axial velocity spread, A v z / v z , is 7%. In this figure, a deviation from the grazing magnetic field profile has been used. This magnetic field profile results in a grazing intersection between the beam and waveguide mode at the low end of the frequency band and below grazing at the high end. It is interesting to note the strong dip slightly below 36 GHz; the second pass-band centering around 32 GHz and the rapid attenuation due to phase-mixing for frequencies below 32 GHz in Fig. 2 .
The frequency response behavior as described above has been observed experimentally as shown in Fig. 3 , and provides the impetus for the present work. It can, however, be noted that the dip in the measured bandwidth appears to be sharper than that of the theoretical curve. We believe this is due in part to the fact that the attenuation factor, A, only represents the filtering effects resulting from spread-induced electron phase-mixing in the frequency-dependent sever. It does not include the impact of the saturated gain due to nonlinear beam-wave interactions in the second stage as is the case for the experimental data shown in Fig. 3 . Including the effect of saturated gain will tend to flatten the gain near the passbands (edges of dip); hence, increasing the sharpness of the dip. In addition, if the beam spread follows more closely to that of a gaussian (see Appendix) rather than the flat:op as shown, the peak attenuation of the dip will be much larger than that presented here. For illustrative purposes, using same parameters as in Fig. 2 , the attenuation at the nadir will be -50 dB for the gaussian distribution function versus the A = -24 dB shown for the flat top. At this level of attenuation, the dip will be quite sharp even with the higher gain of the smallsignal regime. Indeed, severe attenuation due to phase-mixing in the sever can even result in negative overall gain. This is seen in Fig. 3 at the dip nadir and also at the low frequency end as expected theoretically.
The effects of velocity spreads of 2, 4, and 7% are shown in Fig. 4(a)-(c) , respectively, for the same magnetic field profile of Fig. 2 . Note the merging of the two passbands and improved bandwidth as the velocity spread is reduced. Similar behavior can also be achieved by reducing the circuit length and/or increasing beam axial velocity. The sensitive dependence of the instantaneous bandwidth on the magnetic field profile, for a fixed 7% velocity spread, is shown in Fig. 5 . The magnetic field profile for Fig. 5(a) is the same as for Fig. 2 . A grazing magnetic field profile is employed in Fig. 5(b) . In Fig. 5(c) , the magnetic field is linearly varied from below grazing at low frequencies to grazing at the high end. The bandwidth for this case is 20%, and is about the same as the best bandwidth achieved experimentally by profiling the magnetic field as shown in Fig. 6 .
To extend the bandwidth beyond 20% with the beam quality available with the present experimental gun, one could 1) reduce the circuit length (at the expense of gain), 2) increase the beam axial velocity by reducing 010 (at the expense of efficiency), or 3) increase the beam voltage. Combinations Comparison of bandwidths for various magnetic field profiles and of these these techniques would also extend the bandwidth. Reducing the beam velocity ratio also has an added effect of reducing the beam axial velocity spread, since Av,/w, = a 2 A w l / v l , and A v l / v l remains relative constant with respect to a.
In conclusion, we have presented here an analysis of the effects of beam velocity spread on the instantaneous bandwidth of the two-stage tapered gyro-TWT amplifier. An analytical expression has been derived which shows the dependence of bandwidth on the magnetic field profile, axial velocity, velocity spread, and circuit length. Theoretical results are consistent with experimental observations. It can be observed that in the absence of velocity spread, Avz/vZ = 0 (hence, Acp = O),S(wo,Aw, = 0) = 1.0 across the whole bandwidth in both expressions. More importantly, in the presence of beam spread, the frequencies where passbands and dip occur do not change with the use of a different distribution function, since those are determined by Acp (Ay = 0 for passbands, and Acp is at a local extrema for dip.) The primary difference between these cases is in the level of attenuation for a given value of AV. It can be expected that the attenuation at the dip nadir will be much more severe for gaussian beams due to the exponential nature of (A2). 
